The fundamental role played by black holes in many areas of physics makes it highly important to explore the nature of their stability. The stability of charged Reissner-Nordström black holes to neutral (gravitational and electromagnetic) perturbations was established almost four decades ago. However, the stability of these charged black holes under charged perturbations has remained an open question due to the complexity introduced by the well-known phenomena of superradiant scattering: A charged scalar field impinging on a charged Reissner-Nordström black hole can be amplified as it scatters off the hole. If the incident field has a non-zero rest mass, then the mass term effectively works as a mirror, preventing the energy extracted from the hole from escaping to infinity. One may suspect that the superradiant amplification of charged fields by the charged black hole may lead to an instability of the Reissner-Nordström spacetime (in as much the same way that rotating Kerr black holes are unstable under rotating scalar perturbations). However, in this Letter we show that, for charged Reissner-Nordström black holes in the regime (Q/M ) 2 ≤ 8/9, the two conditions which are required in order to trigger a possible superradiant instability [namely: (1) the existence of a trapping potential well outside the black hole, and (2) It is well-known that rotating Kerr black holes suffer from superradiant instability which may be triggered by massive scalar perturbations [1][2] [3] . Superradiant scattering is a well-known phenomena in quantum systems [4, 5] as well as in classical ones [6, 7] . Considering a wave of the form e imφ e −iωt incident upon a rotating object whose angular velocity is Ω, one finds that if the frequency ω of the incident wave satisfies the relation
It is well-known that rotating Kerr black holes suffer from superradiant instability which may be triggered by massive scalar perturbations [1] [2] [3] . Superradiant scattering is a well-known phenomena in quantum systems [4, 5] as well as in classical ones [6, 7] . Considering a wave of the form e imφ e −iωt incident upon a rotating object whose angular velocity is Ω, one finds that if the frequency ω of the incident wave satisfies the relation
then the scattered wave is amplified. A bosonic field impinging upon a rotating Kerr black hole can be amplified if the superradiance condition (1) is satisfied, where in this case Ω is the angular velocity of the black-hole horizon. Press and Teukolsky suggested to use this mechanism to build a black-hole bomb [8] : If one surrounds the black hole by a reflecting mirror, the wave will bounce back and forth between the black hole and the mirror amplifying itself each time. It was later realized [9] [10] [11] [12] [13] [14] [15] [16] [17] that a natural mirror exists in a system composed of a rotating black hole and a massive scalar field: In this case the mass term effectively works as a mirror for modes in the regime ω < µ ≡ MG/hc, where M is the mass of the field. The gravitational force binds the massive field and keeps it from escaping to infinity. At the event horizon some of the field goes down the black hole, and if the frequency of the wave is in the superradiance regime (1) then the field is amplified. In this way the field is amplified at the horizon while being bound away from infinity. As a consequence, the rotational energy extracted from the black hole by the incident bosonic field grows exponentially over time [9] [10] [11] [12] [13] [14] [15] [16] [17] .
A similar amplification of waves occurs when a charged bosonic field impinges upon a charged Reissner-Nordström black hole [18] . In this case the superradiant scattering occurs for frequencies in the regime
where q is the charge coupling constant of the field and Φ = Q/r + is the electric potential of the charged black hole.
(Here r + and Q [19] are the horizon radius and electric charge of the black hole, respectively). The superradiant scattering of charged scalar waves in the regime (2) results in the extraction of Coulomb energy and electric charge from the charged black hole [18] . One may suspect that the amplification of charged massive fields by charged black holes may lead to an instability of the Reissner-Nordström spacetime (in as much the same way that the amplification of rotating massive fields by rotating black holes leads to an instability of the Kerr spacetime).
The physical interest in Reissner-Nordström (RN) black holes is mainly motivated by the fact that these charged black holes share many common features with the physically more relevant rotating Kerr black holes. In particular, the global spacetime structures of rotating Kerr black holes and charged RN black holes are almost identical [20] . It is therefore of physical interest to explore the stability (or instability) regime of these charged black holes.
The stability of RN black holes under neutral (gravitational and electromagnetic) perturbations was established long ago by Moncrief [21, 22] . However, much less is known about the stability of these charged black holes under charged perturbation fields [23] . It should be realized that such charged perturbation fields are expected to be an important ingredient of charged gravitational collapse to form a charged RN black hole [24] . To the best of our knowledge, no stability proof exists in the literature for generic charged RN black holes coupled to charged perturbation fields. As a matter of fact, the well-known superradiant instability of rotating Kerr black holes due to massive scalar perturbations [in the regime (1)] may lead one to suspect that an analogous instability may occur for charged RN black holes -this time due to superradiant amplification of charged scalar waves [in the regime (2)].
The main goal of the present Letter is to provide evidence for the stability of charged RN black holes under charged scalar perturbations. In particular, we shall show below that, for charged RN black holes in the regime (Q/M ) 2 ≤ 8/9, the two conditions which are required in order to trigger the superradiant instability [namely: (1) the existence of a trapping potential well outside the black hole, and (2) superradiant amplification of the trapped modes] cannot be satisfied simultaneously. Our results thus support the stability of these charged black holes.
The physical system we consider consists of a massive charged scalar field coupled to a Reissner-Nordström black hole of mass M and electric charge Q. The black-hole spacetime is described by the line element
where
Here r is the Schwarzschild areal coordinate. (We use natural units in which G = c =h = 1.) The dynamics of the charged massive scalar field Ψ in the RN spacetime is governed by the Klein-Gordon equation [24] [25] [26] [27] 
ν Q/r is the electromagnetic potential of the black hole. Here q and µ are the charge and mass of the field, respectively. [Note that q and µ stand for q/h and µ/h, respectively. Thus, they have the dimensions of (length) −1 .] One may decompose the field as
where ω is the conserved frequency of the mode, l is the spherical harmonic index, and m is the azimuthal harmonic index with −l ≤ m ≤ l. (We shall henceforth omit the indices l and m for brevity.) The sign of ω I determines whether the solution is decaying (ω I < 0) or growing (ω I > 0) in time. Remembering that any instability must set in via a real-frequency mode [9, 10, 28] we shall consider here modes with |ω I | ≪ ω R .
With the decomposition (6), R and S obey radial and angular equations both of confluent Heun type coupled by a separation constant K l = l(l + 1) [29] [30] [31] . The radial Klein-Gordon equation is given by [24] [25] [26] 
and
The zeros of ∆,
are the black-hole (event and inner) horizons. We are interested in solutions of the radial equation (7) with the physical boundary conditions of purely ingoing waves at the black-hole horizon (as measured by a local observer) and a decaying (bounded) solution at spatial infinity [10, 13] . That is,
where the "tortoise" radial coordinate y is defined by dy = (r 2 /∆)dr. For frequencies in the superradiant regime (2), the boundary condition (11) describes an outgoing flux of energy and charge from the charged black hole [9, 18] . Note also that a bound state (a state decaying exponentially at spatial infinity) is characterized by
The boundary conditions (11)- (13) single out a discrete set of resonances {ω n } which correspond to the bound states of the charged massive field [9] . (We note that, in addition to the bound states of the charged field, the field also has an infinite set of discrete quasinormal resonances [26, 27, 32] which are characterized by outgoing waves at spatial infinity.) It is convenient to define a new radial function ψ by
in terms of which the radial equation (7) can be written in the form of a Schrödinger-like wave equation
As discussed above, two ingredients are required in order to trigger a superradiant instability:
• The existence of a trapping potential well (supporting meta-stable bound states) outside the black hole. Moreover, in order to support these meta-stable bound states, the well itself must be separated from the black-hole horizon by a potential barrier.
• The existence of superradiant amplification of the charged fields.
We shall now show that these two conditions cannot be satisfied simultaneously for charged RN black holes in the regime (Q/M ) 2 ≤ 8/9. In particular, we shall prove that there are no meta-stable bound states of the charged field (i.e., there is no potential well in the black-hole exterior which is separated from the horizon by a potential barrier) in the superradiant regime (2). To that end, we shall analyze the behavior of the effective potential V (r; M, Q, µ, q, ω, l).
[It should be realized that such an analysis is not an easy task since the effective potential V is characterized by a set of six parameters: {M, Q, µ, q, ω, l}.]
The derivative of the effective potential is given by the rational function
It is convenient to define a new variable
in terms of which Eq. (17) can be written as a 4th order polynomial function
where the coefficients {a, b, c, d, e} are given by
and e = 2r
We denote the roots of V ′ (z) = 0 by {z 1 , z 2 , z 3 , z 4 }. Below we shall analyze the properties (and, in particular, the signs) of these roots. To that end, we shall use the well-known relations
for the four solutions of a quartic equation. The superradiant condition (2) and the bound state condition (13) imply 0 ≤ ω < min{qQ/r + , µ} .
Note that the dependence of the coefficient a on ω is in the form of a convex parabola, see Eq. (20) . Thus, a(ω) is minimized at the edges of the interval (29) . Substituting ω = 0 into (20) , one finds a = M µ 2 > 0. Substituting
We thus conclude that a > 0 (30) in the entire parameter space. This implies that [see Eq. (19)]
in the superradiant regime. Note also that
Equations (31) and (32) imply that V (r) has at least one maximum point in the physical region r > r + . We denote it by z 4 , where
Equations (32)- (33) imply that V (r) has at least one maximum point in the non-physical interval r − < r < r + . We denote it by z 3 , where
In addition, it is obvious from (24) that
Equations (28), (30) , and (36) imply that
We shall now focus on charged RN black holes in the regime
In this case one finds qQ/r + ≤ qQ/2r − , which implies [see Eq. (29)] 0 ≤ ω < qQ/2r − . Substituting this inequality into Eq. (22), one deduces that
Equations (26), (30) , and (39) imply that
Taking cognizance of Eqs. (37) and (40), one learns that there are two negative roots (we denote them by z 1 and z 2 , where z 1 ≤ z 2 < 0) and two positive roots (0 < z 3 < z 4 ) of V ′ (z). We have therefore proved that, for bound states (with ω < µ) in the superradiant regime (with ω < qQ/r + ), there are two negative roots and two positive roots of V ′ (z) in the entire parameter space (characterized by the six parameters {M, Q ≤ 8/9M, µ, q, ω, l}). The negative roots z 1 and z 2 correspond to two roots of V ′ (r) in the non-physical region r < r − . The positive root z 3 corresponds to a maximum point of V (r) in the non-physical region r − < r < r + . The physical root z 4 > 0 (or equivalently, r 4 > r + ) corresponds to a maximum point of V (r) outside the horizon.
In conclusion, we have shown that in the superradiant regime V (r) has only one maximum (and no minima at all) outside the event horizon. This implies that there is no potential well in the black-hole exterior which is separated from the horizon by a potential barrier. Thus, there are no meta-stable bound states of the charged massive scalar field in the superradiant regime.
In summary, motivated by the well-known phenomena of superradiant instability of rotating Kerr black holes due to massive scalar perturbations, we have investigated here the possible existence of an analogous instability for charged Reissner-Nordström black holes due to charged massive perturbations. We have proved that the two conditions which are necessary for the existence of a superradiant instability [namely: (1) the existence of a trapping potential well, and (2) superradiant amplification of the trapped modes] cannot be satisfied simultaneously for charged ReissnerNordström black holes in the regime Q/M ≤ 8/9. That is, we have shown that in the exterior of these charged black holes there are no meta-stable bound states of the charged scalar fields in the superradiant regime. Thus, the dynamics of charged massive scalar fields in the Reissner-Nordström spacetime with Q/M ≤ 8/9 is expected to be stable.
